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Abstract

This paper investigates the influence of viscous dissipation and radiation on the problem of unsteady magneto-

hydrodynamic free-convection flow past an infinite vertical heated plate in an optically thin environment with time-

dependent suction. By taking the radiative heat flux in the differential form, and imposing an oscillatory time-dependent

perturbation, the coupled nonlinear problem is solved for the temperature and velocity distributions. The effects of the

material parameters on the temperature and velocity profiles are discussed quantitatively. The results show that in-

creased cooling (Gr > 0) of the plate and the Eckert number leads to a rise in the velocity profile; while increases in
magnetic field, radiation and Darcy parameters are associated with decrease in the velocity. Also, an increase in the

Eckert number leads to an increase in the temperature, whereas increases in radiation and magnetic field parameters

lead to a decrease in the temperature distribution when the plate is being cooled.

� 2003 Elsevier Science Ltd. All rights reserved.

1. Introduction

Flow through porous medium past infinite vertical

plate is common in nature and has many applications in

engineering and science. A number of workers have in-

vestigated such flows and excellent literature on the

properties and phenomenon may be found in literature

[1–5]. For example, Soundalgekar [4] investigated the

effects of free-convection currents on the oscillatory type

boundary layer flow past an infinite vertical plate with

constant suction where the plate temperature differs

from the free stream temperature.

Recently, attention has been on the effects of trans-

versely applied magnetic field and thermal perturbation

on the flow of electrically conducting viscous fluids such

as plasma. Various properties associated with the in-

terplay of magnetic fields and thermal perturbation in

porous medium past vertical plate find useful applica-

tions in astrophysics, geophysical fluid dynamics, and

engineering. Researches in these fields have been con-

ducted by many investigators [6–13]. For example,

Soundalgekar [6] investigated a two dimensional steady

free-convection flow of an incompressible, viscous,

electrically conducting fluid past an infinite vertical po-

rous plate with constant suction and plate temperature

when the difference between the plate temperature and

free stream is moderately large to cause free-convection

currents. In another study Israel-Cookey and Sigalo [13]

investigated the problem of unsteady MHD past a semi-

infinite vertical plate in an optically thin environment

with simultaneous effects of radiation, free-convection

parameters and time-dependent suction.

Most of the previous studies of the same problem

neglected viscous dissipation. This present study is an

attempt to complement the earlier works of Soundal-

gekar [6] and Israel-Cookey and Sigalo [13] by investi-

gating the simultaneous effects of viscous dissipation
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and radiation to the problem of unsteady MHD flow

past an infinite vertical heated plate in a porous medium

with time-dependent suction. This attempt therefore,

widens the applicability of problems of this nature.

2. Mathematical formulation

We consider the unsteady flow of an incompressible

viscous, radiating hydromagnetic fluid past an infinite

porous heated vertical plate with time-dependent suction

in an optically thin environment. The physical model

and the coordinate system are shown in Fig. 1. The

x0-axis is taken along the vertical infinite porous plate in
the upward direction and the z0-axis normal to the plate.

At time t0 ¼ 0, the plate is maintained at a temperature
T 0
w, which is high enough to initiate radiative heat

transfer. A constant magnetic field H 02
0 is maintained in

the z0 direction and the plate moves uniformly along the
positive x0 direction with velocity U0. Under Boussinesq
approximation the flow is governed by the following

equations:

ow0

oz0
¼ 0 ð1Þ

ou0

ot0
þ w0 ou

0

oz0
¼ m

o2u0

oz02
þ oU 0

ot0
� l2rcH 02

0

q

�
þ m
k

�
ðu0 � U 0Þ

þ gbðT 0 � T1Þ ð2Þ

oT 0

ot0
þ w0 oT

0

oz0
¼ j

qcp

o2T 0

oz02

�
�rq0z0

�
þ l

qcp

ou0

oz0

� �2
ð3Þ

o2q0z0
oz02

� 3a2q0z0 � 16arT 31
oT 0

oz0
¼ 0 ð4Þ

The boundary conditions are

u0 ¼ 0; T 0 ¼ T 0
w on z0 ¼ 0

u0 ¼ U 0ðt0Þ ¼ w0
0ð1þ eeix

0t0 Þ; T 0 ¼ T1 as z0 ! 1
ð5a; bÞ

Since the medium is optically thin with relatively low

density and a 
 1 the radiative heat flux given by Eq. (4)

in the spirit of Cogley et al. [14] becomes

oq0z0
oz0

¼ 4a2ðT 0 � T1Þ ð6aÞ

Nomenclature

A small positive parameter

T 0
w wall temperature

T1 reference temperature

U 0 dimensional free stream velocity

ðu0; v0;w0Þ dimensional velocity components
ðx0; z0Þ dimensional Cartesian coordinates

t0 dimensional time

g acceleration due to gravity

w0
0 dimensional suction velocity

H 02
0 constant transverse magnetic field

k dimensional porosity parameter

cp specific heat capacity

M2 nondimensional magnetic parameter

Pr Prandtl number

Gr Grashof number (free-convection parame-

ter)

R2 radiation parameter

U0 mean velocity of U 0ðt0Þ

q0z radiative heat flux

B Planck�s function
Ec Eckert number

Greek symbols

e small positive parameter

b Stephan–Boltzman constant

m ¼ l=q kinematic viscosity

rc electrical conductivity

l permeability

q fluid density

x0 dimensional free stream frequency of oscil-

lation

j thermal conductivity

a2 absorption coefficient

v2 Darcy number

d radiation absorption coefficient

k frequency

 

Fig. 1. The physical model and coordinate system of the

problem.
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where

a2 ¼
Z 1

0

dk
oB
oT 0 ð6bÞ

Further, from Eq. (1) it is clear that w0 is a constant or a

function of time only and so we assume

w0 ¼ �w0 1
�

þ eAeix
0t0
�

ð7Þ

such that eA 
 1, and the negative sign indicates that

the suction velocity is towards the plate.

In view of Eqs. (4), (6) and (7), Eqs. (2) and (3) be-

come

1

4

ou
ot

� 1
�

þ eAeixt
� ou
oz

¼ 1
4

oU
ot

þ o2u
oz2

� ðM2v2Þðu� UÞ þ Grh ð8Þ

1

4
Pr

oh
ot

� Pr 1
�

þ eAeixt
� oh
oz

¼ o2

oz2

�
� R2

�
h þ PrEc

ou
oz

� �2
ð9Þ

where we have used the following dimensionless vari-

ables

z ¼ w0
0

m
z0; t ¼ w02

0

4m
t0; u ¼ u0

U0
; x ¼ 4m

w02
0

x0;

U ¼ U 0

U0
; h ¼ T 0 � T1

Tw � T1
; v2 ¼ m2

kw02
0

; Pr ¼ lcp
j

;

Gr ¼ mgbðTw � T1Þ
U0w02

0

; Ec ¼ U 2
0

cpðTw � T1Þ
;

R2 ¼ 4a2

qcpjw02
0

ðTw � T1Þ; M2 ¼ l2rcH 02
0

qw02
0

ð10Þ

Eqs. (8) and (9) are now subject to the boundary con-

ditions

u ¼ 0; h ¼ 1 on z ¼ 0
u ! 1þ eeixt; h ! 0 as z ! 1

ð11Þ

The mathematical statement of the problem is now

complete and embodies the solution of Eqs. (8) and (9)

subject to boundary conditions (11).

3. Method of solution

The problem posed in Eqs. (8) and (9) subject to the

boundary conditions presented in Eq. (11) are highly

nonlinear equations and generally will involve a step by

step numerical integration of the explicit finite difference

scheme. However, analytical solutions could be possible.

Since e is small we can advance by adopting regular
perturbation expansion of the form

uðz; tÞ ¼ u0ðzÞ þ eu1ðzÞeixt ð12aÞ

hðz; tÞ ¼ h0ðzÞ þ eh1ðzÞeixt ð12bÞ

Substituting Eq. (12) in Eqs. (8), (9), (11), neglecting the

coefficients of Oðe2Þ and simplifying we obtain the se-
quence of approximations

u000 þ u00 � ðv2 þM2Þu0 ¼ �ðv2 þM2Þ � Grh0 ð13Þ

h00
0 þ Prh0

0 � R2h0 ¼ �PrEc
ou0
oz

� �
ð14Þ

subject to the boundary conditions

u0 ¼ 0; h0 ¼ 1 on z ¼ 0
u0 ! 1; h0 ! 0 as z ! 1

�
ð15Þ

for Oð1Þ equations, and

u001 þ u01 � v2
�

þM2 þ ix
4

�
u1

¼ �Au00 � Grh1 � v2
�

þM2 þ ix
4

�
ð16Þ

h00
1 þ Prh0

1 � R2
�

þ ix
4

�
h1 ¼ �PrAh0

0 � 2PrEcu00u01 ð17Þ

subject to

u1 ¼ 0; h1 ¼ 0 on z ¼ 0
u1 ! 1; h1 ! 0 as z ! 1

�
ð18Þ

for OðeÞ equations.
To solve the nonlinear-coupled Eqs. (13)–(18), we

further assume that the viscous dissipation parameter

(Eckert number Ec) is small, and therefore, advance
an asymptotic expansion for the flow temperature and

velocity as follows:

u0ðzÞ ¼ u01ðzÞ þ Ecu02ðzÞ
h0ðzÞ ¼ h01ðzÞ þ Ech02ðzÞ
u1ðzÞ ¼ u11ðzÞ þ Ecu12ðzÞ
h1ðzÞ ¼ h11ðzÞ þ Ech12ðzÞ

ð19Þ

Substituting Eq. (19) into Eqs. (13)–(18), we obtain the

following sequence of approximations:

u0001 þ u001 � ðv2 þM2Þu01 ¼ �Grh01 � ðv2 þM2Þ ð20Þ

h00
01 þ Prh0

01 � R2h01 ¼ 0 ð21Þ

u0002 þ u002 � ðv2 þM2Þu02 ¼ �Grh02 ð22Þ

h00
02 þ Prh0

02 � R2h02 ¼ �Pru0201 ð23Þ

subject to

u01 ¼ 0 ¼ u02; h01 ¼ 1; h02 ¼ 0 on z ¼ 0
u01 ¼ 1; u02 ¼ 0; h01 ¼ 0 ¼ h02 as z ! 1

�
ð24Þ

for Oð1Þ equations, and
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u0011 þ u011 � N1u11 ¼ �Au001 � N1 � Grh11 ð25Þ

h00
11 þ Prh0

11 � N2h11 ¼ �Prh0
01 ð26Þ

u0012 þ u012 � N1u12 ¼ �Grh12 � Au002 ð27Þ

h00
12 þ Prh0

12 � N2h12 ¼ �2Pru001u011 � PrAh0
12 ð28Þ

subject to

u11 ¼ u12 ¼ h11 ¼ h12 ¼ 0 on z ¼ 0
u11 ¼ 1; u12 ¼ h11 ¼ h12 ¼ 0 as z ! 1

ð29Þ

for OðEcÞ equations and where N1 ¼ v2 þM2 þ ix=4;
N2 ¼ R2 þ ixPr=4.
Solving Eqs. (20)–(23) with boundary conditions (24)

and Eqs. (25)–(28) satisfying the boundary conditions

(29) and substituting into Eq. (19) and using Eq. (12) we

obtain the temperature and velocity profiles of the flow

respectively as:

hðzÞ ¼ e�m1z þ Ec a1 e
�2m2z

�
þ a2 e

�2m1z

þ a3 e
�ðm1þm2Þz � ða1 þ a2 þ a3Þe�m3z

�
þ eeixt a9 e

�m1zð
�

� e�m5zÞ þ Ec A7 e�m7z
�

þ a13 e
�ðm1þm2Þz þ a14 e

�ðm1þm5Þz þ a15 e
�ðm1þm6Þz

þ a16 e
�ðm2þm5Þz þ a17 e

�ðm2þm6Þz

þ a18 e
�2m1z þ a19 e

�2m2z þ a20 e
�m3z

��
ð30Þ

uðzÞ ¼ 1þ A1 e�m2z þ A2 e�m1z þ Ec A4 e�m4z
�

þ a4 e
�m1z þ a5 e

�2m2z þ a6 e
�2m1z

þ a7 e
�ðm1þm2Þz þ a8 e

�m3z
�

þ eeixt 1
�

� 1ð þ a10 þ a11 þ a12Þe�m6z þ a10 e
�m2z

þ a11 e
�m1z þ a12 e

�m5z þ Ec A8 e
�m8z

�
þ b1 e

�m7z

þ b2 e
�ðm1þm2Þz þ b3 e

�2m1z þ b4 e
�2m2z

þ b5 e
�m3z þ b6 e

�m1z þ b7 e
�m4z þ b8 e

�ðm1þm5Þz

þ b9 e
�ðm1þm6Þz þ b10 e

�ðm2þm5Þz þ b11 e
�ðm2þm6Þz

��
ð31Þ

where the constants are given in Appendix A.

4. Results and discussion

In the previous sections, we have formulated and

solved the problem of the influence of viscous dissipa-

tion and radiation with time-dependent suction velocity

on the unsteady MHD free-convection flow along a

stationary infinite vertical plate in a porous medium. By

invoking the optically thin differential approximation

for the radiative heat flux in the energy equation, and

oscillatory time-dependent perturbation for the flow

temperature and velocity. In the numerical computation,

the Prandtl number, Pr ¼ 0:71 which corresponds to air
and various values of the material parameters are used.

In addition, the boundary condition y ! 1 is approxi-

mated by ymax ¼ 6, which is sufficiently large for the
velocity to approach the relevant stream velocity.

In the subsequent analysis, we started with the tem-

perature profiles due to its primary importance in as-

trophysical environments. The temperature profiles are

presented when the free-convection currents are cooling

the plate (see Figs. 2 and 3). From Fig. 2, it is observed

that the temperature within the plasma decayed rapidly

away from the plate. Also, a greater heating by viscous

dissipation caused a rise in temperature. But an increase

in radiation and magnetic field parameter recorded a

decrease in temperature. From Fig. 3, an increase in the

free stream frequency, x is associated with a decrease in
the temperature distribution. In the absence of viscous

dissipation these results agrees quantitatively with the

earlier results of Israel-Cookey and Sigalo [13].
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Fig. 2. Temperature profiles against the boundary layer, z for
different material parameters.
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Fig. 3. Temperature profiles against the boundary layer, z for
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In Figs. 4–8, we presented the behaviour of the ve-

locity of the flow for various material parameters; (Ec,
x, Gr, M , v, R, and A) for Pr ¼ 0:71. It is observed that
the velocity rose steadily and then converged close to the

free stream velocity. In the absence of viscous dissipa-

tion parameter, Ec, the results for cooling of the plate
(Gr > 0) agrees quantitatively with earlier results of

Israel-Cookey and Sigalo [13]. Equally, for R ¼ 0 and
A ¼ 0, these results are quantitatively consistent with the
results of Soundalgekar [6].

We observe from Fig. 4, that an increase in the vis-

cous dissipation parameter, Ec, is associated with an
increase in velocity. On cooling the plate with the aid of

convection currents (see Figs. 5–7) we observe that

separate increase in the material parameters M , R and v
are associated with decreases in the velocity profiles.

Furthermore, an increased cooling through convection

currents resulted in the rise of the velocity distribution
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Fig. 4. Velocity profiles against the boundary layer, z for dif-
ferent material parameters.
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ferent values of radiation parameter, R.
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(see Fig. 8). Again, this result is in good quantitative

agreement with the results of Soundalgekar [6].

5. Conclusions

In conclusion therefore, the flow of an unsteady

MHD free-convection past an infinite vertical plate with

time-dependent suction under the simultaneous effects of

viscous dissipation and radiation is affected by the ma-

terial parameters. In addition, an increase temperature

profile is a function of an increase in viscous dissipation.

Whereas an increase in radiation and magnetic field

parameters led to a decrease in the temperature profile

on cooling. Equally, cooling of the plate by convection

currents with increases in the radiation, magnetic field

and Darcy parameters led to a decrease in the velocity

profile. Finally, increased cooling of the plate and vis-

cous dissipation resulted in an increase in the velocity

profile.
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Appendix A

The followings are the constants that appear in Eqs.

(30) and (31).

m1 ¼ m3 ¼
1

2
Pr

�
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pr2 þ 4R2

p �

m2 ¼ m4 ¼
1

2
1

�
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ðv2 þM2

p
Þ
�

m5 ¼ m7 ¼
1

2
Pr

�
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pr2 þ 4N2

p �

m6 ¼ m8 ¼
1

2
1

�
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4N1

p �

A1 ¼
Gr

m21 � m1 � v2 �M2
� 1

A2 ¼ a4 ¼ � Gr
m21 � m1 � v2 �M2

A4 ¼ �ða4 þ a5 þ a6 þ a7 þ a8Þ

A7 ¼ �
X20
i¼13

ai

A8 ¼ �
X11
i¼1

bi

a1 ¼ � Prm22A
2
1

4m22 � 2m2 � R2

a2 ¼ � Prm21A
2
2

4m21 � 2m1 � R2

a3 ¼ � 2Prm1m2A1A2
ðm1 þ m2Þ2 � ðm1 þ m2Þ � R2

a5 ¼ � Gra1
4m21 � 2m22 � v2 �M2

a6 ¼ � Gra2
4m21 � 2m1 � v2 �M2

a7 ¼ � Gra3
ðm1 þ m2Þ2 � ðm1 þ m2Þ � v2 �M2

a8 ¼
Grða1 þ a2 þ a3Þ

m23 � m3 � v2 �M2

a9 ¼
m1Pr

m21 � Prm1 � N2

a10 ¼
AA1m2

m22 � m2 � N1

a11 ¼
AA2m1 � Gra9
m21 � m1 � N1

a12 ¼
Gra9

m25 � m5 � N1

a13 ¼
d00

ðm1 þ m2Þ2 � Prðm1 þ m2Þ � N2

a14 ¼
d11

ðm2 þ m5Þ2 � Prðm2 þ m5Þ � N2

a15 ¼
d22

ðm1 þ m6Þ6 � Prðm1 þ m6Þ � N2

a16 ¼
d33

ðm2 þ m5Þ2 � Prðm2 þ m5Þ � N2

a17 ¼
d44

ðm2 þ m6Þ2 � Prðm2 þ m6Þ � N2

a18 ¼
d55

4m21 � 2m1Pr � N2

a19 ¼
d66

4m22 � 2m2 � N2

a20 ¼
d77

m23 � Prm3 � N2

d77 ¼ APrm3
d00 ¼ APrðm1 þ m2Þa3 � 2Prm1m2A1a11

� 2Prm1m2 � 2Prm1m2a10
d11 ¼ �2Prm1m5a12
d22 ¼ �2Prm1m6A6
d33 ¼ �2Prm2m5a12A
d44 ¼ 2Prm2m6A1
d55 ¼ 2APrm1a2 � 2Prm21a11
d66 ¼ 2APrm2a1 � 2Prm22a10A1
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b1 ¼ � GrA7
m27 � m7 � N1

b2 ¼
Aa7ðm1 þ m2Þ � Gra13

ðm1 þ m2Þ2 � ðm1 þ m2Þ � N1

b3 ¼
2Aa6m1 � Gra18
4m21 � 2m1 � N1

b4 ¼
2Aa5m2 � Gra19
4m22 � 2m2 � N1

b5 ¼
Aa8 þ a20

m23 � m3 � N1

b6 ¼
Aa4m1

m21 � m1 � N1

b7 ¼
AA4m4

m24 � m4 � N1

b8 ¼ � Gra14
ðm1 þ m5Þ2 � ðm1 þ m5Þ � N1

b9 ¼ � Gra15
ðm1 þ m6Þ2 � ðm1 þ m6Þ � N1

b10 ¼ � Gra16
ðm2 þ m5Þ2 � ðm2 þ m5Þ � N1

b11 ¼ � Gra17
ðm2 þ m6Þ2 � ðm2 þ m6Þ � N1

:
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